A note on interest rate risk, systematic risk and the planning horizon by Man, L.J.
ET 
05548 
1985 
023 SERIE RE5ERR[HmEm0RHHDH 
A NOJE; o.n INTEREST RATE RISK, 
SYSTEMATIC RISK and the PLANNING 
HORIZON 
Leon J. de Man 
Researchmeraorandum 1985-23 Sept. '85 
VRIJE UNIVERSITEIT 
F a c u l t e i t de r Economische Wetenschappen 
AMSTERDAM 

Vrije Universiteit 
Amsterdam 
Economische Faculteit 
Onderzoekgroep Financiële instellingen en markten 
A NOT'E on INTEREST RATE RISK, 
SYSTEMATIC RISK and the PLANNING 
HORIZON 
by 
Leon 0. de Man: 
* Assistant Professor of Finance and Investments, 
. Free University, Amsterdam 

1 
i: INTRODUCTION 
Interest rate risk is generally presumed to be an inherent source of 
(systematic) risk in default free bonds. Most scholars consider the 
(relative) systematic risk of an asset to be represented by the bèta 
coëfficiënt of the market model. Hence, a number of authors have 
suggested a link between bèta and the duration measure as the latter 
is an expression of the interest elasticity of an asset's value. 
However, what is really related by these authors is bèta and yriee 
risk. Interest rate risk on the other hand, is conceived to be the 
combined result of prioe risk and re-invesiment risk. When re-invest-
ment risk is considered, one naturally leaves the one-period model 
to enter a multi-period framework. A planning horizon has to be 
assumed. Hence it is likely that as systematic risk is caused by 
interest rate risk which is dependent on the chosen planning period 
then bèta is also dependent on the planning horizon. 
In recent years an increasing number of investigators have raised 
the subject of the empirical dependence of bèta and the differencing 
1) 2) 
interval or the planning period . For instance Levy (1981) states : 
'In examining the Capital Asset Pricing Model or in 
estimating the security's risk one cannot arbitrarily 
use monthly data, quarterly data, or annual data, 
since systematic risk as well as the portfolio perfor-
mance indices are functions of the assumed investment 
horizon'. 
Kaufman (1980) is one of the very few authors who theoretically 
demonstrate that estimates.of bèta also depend on the length of the 
planning horizon. However, because the evidence för some of his 
arguments is not developed as rigorously as it might be, his paper 
1) See, for example, Cheng and Deets (1973), Gressis, Philippatos, 
Hayya (1976), Francis and Lee (1977), Lee (1977), Levhari and 
Levy (1977), Mageè and Roberts (1979), Levy (1981), Elgers, 
Hill and Schneeweis (1982) 
2) Levy (1981), p. 32 
2 
is in part only suggestive. 
The objective of this paper is twofold. 
First it will be demonstrated that the bèta of a default free bond 
is dependent on the planning period used. It will be shown that even 
when one assumes a one-period holding period the specification of 
bèta differs from the specification of bèta when interest rate risk 
is presumed to be merely price risk. 
The second objective is to show the relationship between interest 
rate risk and systematic risk. 
The paper is organized as follows. In the next section we will derive 
expressions for interest rate exposure and interest rate risk. Sub-
sequently, using the expression of interest rate exposure, we explain 
the relationship between bèta and the duration measure (section 3.1). 
This relationship will be contrasted with alternative specifications 
of bèta in terms of duration in section 3.2. Starting from the 
definition of bèta assuming re-investment risk, we proceed in section 
4 to show the relationship between systematic risk and interest rate 
risk as developed in section 2. Finally, we present our summary and 
conelusions. 
2.1 Interest rate exposure 
Before we present a quantitative measure for interest rate risk, it 
will be convenient to pay attention to a related expression, namely 
interest rate exposuve. 
Whereas interest rate risk is to be identified with statistical 
quantities which summarize the probability that the actual value of 
a single bond or a portfolio of bonds will differ from its original-
ly anticipated value at the end of the planning horizon, interest 
rate exposure, in contrast, should be definèd in terms of what one 
has at risk. 
We will define interest rate exposure as: 
3 
A V 
-r2- (2>1) 
p 
where V = the total value of a fixed income (default-free) 
P 
investment expected at the end of the holding 
period p; 
AV = the change of this value caused by an (unexpected) 
shift in the term structure of interest rates. 
Next it will be shown that the interest rate exposure of an invest-
ment in default-free coupon bonds is a function of: 
* the investors planning period (p) ; 
* the cashflow characteristics of the bonds (CF ) at time t; 
* the shift in the term structure (y ) or the stochastic process 
generating unexpected- interest rate changes (i>0 at time t. 
An approximation of AV is given by the following expression: 
m 9 V 
dVp = til 3(l+h(P0.,t)) ° + h * ( ° ' t ) " i+W'*» (2'2> 
where 1 +h(0,t) = 1 + the yield to maturity that would be 
appropriate for evaluating a single payment 
note maturing at the end:of the t-th period; 
and 1 +h*(0,t) = 1 + the yield to maturity af ter an unexpected 
shift of the zero coupon term structure of 
interest rates. 
m _t- _ 
V - (l+h(0,p))PtI1CFt(l+h(0,t)) * (l+h(0,p))PV0 (2.3) 
Therefore, as t 4- p , one obtains: 
8 
9 V 
Cl+h(0,t))" -C+h(0,p))PtCFt(l+h(0>t)) (2.4) 
and for t = p hólds: 
3 V 
3(l+h(0,p)) = P(ï+h(0,p))P~1V0- (l+h(0,p))PpCFp(l+h(0,p))~P"1 
(2.5) 
Substitution of (2.4) and (2.5) into (2.2) yields: 
dV p= p(l+h(0,p))P"IV0[(l + h*(0,p)) - (l+h(0,p))] -/-
m 
-t-1 (l+h(0,p))FtI] tCFt(I+h(0,t)) '[l+h'(0,t)) - (l+h(0,t))] 
(2.6) 
TPI- v _ (l+tT(Q,t)) - (l+h(0,t)) 
Yt (l+h(0,t)) 
Equation (2.6) can now be transformed into: 
m 
dV = p(l+h(0,p))FV0Y - (l+h(0,p))iJtZ1 tCFt(l+h(0,t)) Yt = 
= p.V .Y - V I. 
P P P t=l 
m tCFfc (l+h(0,t)) -t 
(2.7) 
or: 
dV AV m tCFt (1 +h(0,t)) -t 
V, 
(2.8) 
The tenor of this expression can be made explicit by assuming a 
particular known stochastic process generating unexpected interest 
rate changes. 
For example, when interest rate shocks are governed by a 'multipli-
cative' process, the term structure shifts by an amount equal to X 
times one plus the interest rate at êvery period of time: 
(l+h*(0,t)) - A(l+h(0,t)) = l+Y t • 
5 
In addition, when the term structure is flat? (l+h(0,t)) = l + i 
and (1 +h (0,t)) = l + i , where i = yiê 
yield) , equation (2.8) can be expressed as: 
ëld to maturity (market 
AV 
_P_ = = p(A-l) -
m tCF (l + i) 
V, a-D (2.9) 
The expression between the rectangular brackets in equation (2.9) is 
the duration measure initially developed by Macaulay: 
AV 
V = (p -D)a - o 
P 
(2.10) 
Analogical inferences can be made for other stochastic processes 
3) 
and for distintft shapes of the term structure . 
Equation (2.10) makes it clear that the promised return will be 
equal to the realized return only when the portfolio is immunized 
(p = D) and/or interest rates remain constant (A. = 1). 
2.2 Interest rate Risk 
When interest rates changes are symmetrically distributed or investor 
exhibit behavior consistent with quadratic utility, one could adopt 
* 
the variance of the aotual values of V (V ) as a measure for 
P P 
interest rate risk: 
Interest rate risk = Var V = Var (V +AV ) = Var AV (2.11) 
P P P P 
Starting from the exposure measure (2.8) an expression for interest 
rate risk can now easily be attained. 
3) See De Man and Postma (1985), p. 62 
6 
m tCF (l+h(0,t))_t 
AV = py V - I - y V 
P P P t»l VQ 't p 
(2.12) 
-t / m tCF (l+h(0,t)) \ 
var (AV ) = var (py V ) + var {
 xZ, - w '-
P P Vt=i Y*Y t v P ; 
( 2 cov^pYpV^^Ij 
m tCFt (1+h(0,t)) -t 
V, 
Y V 
t p 
Let x = 
tCFt (1 +h(0,t)) -t (2.13) 
and x = 
s 
sCF (l+h(0,s)) 
s 
-s 
Equation (2.13) can now be transformed into: 
var (AV ) = 
P 
p var Y + 2 Z Z x x cov (Y »Y ) + r
 p
 t s t s 't''s 
s>t 
+ Z x^ var Y- ~ 2pls cov(y ,v ) 
4. t t t ^ P *-
(2.14) 
Given the following assumptions: 
* the term structure is flat 
•* term structure shift is generated by a multiplicative stochastic 
process of interest rate changes 
* the correlation between changes of interest rates is perfect 
(R. 
VYs 
= 1), equation (2.14) can be re-written as follows: 
var (AV ) = var V = 
P P 
p var X + 2 Z Z x^ x var X + 
t s t s 
s>t 
var V = 
P 
+ Z x. var X - 2 p Z x var 
t t t t 
2 p + 2 Z Z x x + Zx - 2 p Z x,_ V var X 
t s t s t t t t J 
I2 
P 
s>t 
(2.15) 
(2.16) 
D2 2pD 
7 
v a r V* P = ( P - D) 
2 2 
V 
P 
var X (2.17a) 
or: 
(2.17b) 
The interpretation of this result is straightforward: ih the absence 
4) 
of stochastic process risk interest rate risk can be controlled 
by establishing a certain gap between the portfolio's duration and 
the planning period (p - D) 
The portfolio is completely immunized against interest rate shocks 
when the composition of the portfolio is such that its duration 
equals the planning horizon (p = D). 
3.1 Duration and Bèta 
The bèta for a security or portfolio may be defined: 
cov (r. ,r ) 
ï m (3.1) 
m 
where i is the individual security or portfolio, m is the market 
portfolio, and r is the rate of return for a particular differencing 
or planning period. 
4) Stochastic process risk is - assuming a duration based investment 
strategy - caused by misspecification of the process generating 
interest rate shocks. 
If the investor's objective is to immunize the portfolio, stoch-
astic process risk is sometimes referred to as vmmunizab'lcm risk. 
5) Analogical expressions can be derived for other duration formulas. 
The message, however, remains the same: controlling interest rate 
risk is done by fixing the gap between "duration and the planning 
period. 
8 
As the (actual) rate of return of the holding period equals 
et. ,\ 
~- - Ij, we can write: 
V 0. 
ï 
C O V (V
Pl- '
 rm} 
c2 
m 
(3.2) 
where V = V + AV p. p. p. 
Previously we obtained an expression for AV (eq. 2.12). Substitu-
tion of this expression into (3.2) yields: 
cov p t=i 
m t CFt (1 +h(0,t)) 
V. 
•Y + I V 
p. ' m 
V 0. 
ï m 
(3.3) 
Again, simplifying this result by assuming a flat term structure and 
a multiplicative process generating interest rate shocks yields: 
V p£ cov [(p-Di)(X- D,rm] 
(3.4) 
0. 
ï m 
or ' equivalently: 
V 
P- cov >•
 
r ) 
X 
ï V * 0 . 
1 
( p - •v 
o
2 
m 
m (3.5) 
Eccpvess-ion (3.5) makes expli-oit that bèta among othev th-ings deipends 
on the length of the planning peviodl 
This conclusion has important implications for emp-ivioal veseavoh in 
what is called Modern Portfolio Theory (MPT); indeed it raises 
serióuB doubts on the results so far of all sorts of empirical 
9 
research. (For instance almost all empirical tests of the Capital 
Asset Pricing Model (CAPM) have assumed independence between bèta -• 
and the differencing interval or the planning period! This might 
explain the relatively poor explanatory power of the CAPM.) 
But also analyti-eally, definition (3.5) puts a different complexion 
upon the previous work of authors who have dealt with this issue. 
(We wi.11 return to this subject later- on.) 
Elaborating the beta-definition (3.5), we will first examine the 
expression 
cov (X , r ) 
m 
o2 
m 
Y~ cov (X , V* ) 
cov (X , r ) 0 m 
m m 
(3.6) 
a2 -L. var (V* ) 
m 2 p VQ 
m 
(3.7) 
where V_ (V ) = value of the market portfolio at time t = 0 
(resp. t = p) 
fy v Vn cov [A , (p-D )(X-1)] V cov (X . r ) 0 ' r m p 
' m m - m 
a
1
 (p-D ) .V .var X 
m r m p 
m 
V_ .V . (p-D ) var X U p m 
m rm  
2 2 (p-D ) .V . var X 
m p rm 
(3.8) 
(3.9) 
— 2 _ * _ L _ (3.io) 
P P-D 
rm
 r
 m 
10 
Sub sti. tut ion of (3.10) into (3.5) gives: 
V 0 p-D. 
m i 
In equilibrium 
to: 
Vn ' V 0. p 1 'm 
p-D 
(3.11) 
V 
'V, 
m 
V 
must equal m 
Vr 
, so expression (3.11) reduces 
m 
(3.12) 
As mentioned earlier, interest rate risk is comprised of two differ-
ent kinds of risk, namely price risk and re-investment risk. 
Previous work on interest rate risk has been focused on price risk 
only. Abstracting from multiperiod re-investment risk has resulted 
in different expressions for bèta. In the next section we will sub-
mit these expressions to a closer examination. 
Alternative specifications of bèta in terms of duration 
Boquist, Racette and Schlarbaum (1975) were among the first scholars 
who demonstrated that a security's relative systematic risk (bèta) 
could be expressed as a function of its duration: 
i: = - D. 
i i 
cov (di , r ) 
m 
m 
(3.13a) 
where D. = the Macaulay duration measure; 
di = the change in yield to maturity. 
Although the covariance term, according to the authors could be 
positive, negative or zero, they expected it to be negative in most 
of the cases (g. > 0). Bèta may be specified as in (3.13a) if one 
assumes continuous compounding at the yield to maturity (p -» 0) and 
small yield changes. 
11 
An alternative expression for bèta, now assuming reinvestment of the 
cashflows (coupons) over a fixed planning horizon, can easily be 
derived from equation (3.5), to yield the following expression : 
cov (di , r ) 
0. - (p-D.) ~ (3.13b) 
1 1 ? 
m 
The beta-expression (3.13a) turns out to be a special case of the 
general specification (3.13b): 
As the planning horizon becomes shorter, the portion of re-investment 
risk constituting total interest rate risk becomes smaller; in the 
limiting case where p = 0 , re-investment risk is absent, and 
interest rate risk equals price risk. According to expression (3.13b) 
bèta may be zero when the duration equals the planning horizon (that 
is when the investment is immunized), irrespective of the value of 
cov (di,r ). Expression (3.13a) on the other hand can only be zero 
when cov (di,r ) = 0 . However, using the Macaulay duration measure 
implicitly assumes that all interest rate shocks are perfectly cor-
related. This means that the covariance term can be elaborated as 
follows: 
dP 
cov (di , r ) = cov (di , — — ) (3.14) 
m 
V 
6) ( pi . \ 
e. = (P-D.) (i) 
o2 
m 
cov ((l+i)P X , r ) 
= (p-D.) 2- (2) 
1 9 
m 
cov ((1+i ) , r ) 
= (P-D.) : 2- (3) 
o2 
m 
where, unlike in equation (2), i is now the expression for the 
yield over the planning" horizon (holding period yield). 
cov (i*, r ) 
= (P-D.) 2- (4) 
am 
cov (di, r ) 
3. - (p-D.) 2- Q.E.D. (5) 
1 1 o 
az 
m 
12 
where dP and P are respectively the price change and initial 
m m ° 
price of the -market portfolio. Hopewell and Kaufman (1973) have 
demonstrated that for small yield changes the link between bondprice 
volatility and duration can be expressed as: 
dP. 
- = - D. di (3.15) P. i 
ï 
Substitution of this result into (3.14) yields: 
cov (di.r ) = cov (di, -D di) = -D . var (di) (3.16) 
m m m 
So, the covariance term can only be negative. Consequently, the bèta 
according to the specification of (3.13a) will always be positive. 
However, zero beta's or .negative beta's are feasible when the return 
of the market portfolio is not only influenced by a change in yield 
to maturity, but by other factors as well. (We get back to this 
possibility in section 4.) 
o 
Returning to expression (3.13a), substitution of a2 = D var (di), o r
 ' m m 
and (3.16) into (3.13a) gives: 
-D. . - D var (di) D. 
1 m _ _i. 
D var (di) m 
m 
7) 
(3.17) 
When we compare this expression with expression; (3.1 2) (where re-
investment of the cashflows was assumed) some disturbing observations 
can be made. 
Firstly, according to (3.17) bèta is always greater (smaller) than 
unity when D. > D (D. < D ). 
ï m ï m 
7) A number of authors implicitly or explicitly use this convenient 
expression of bèta. See for instance, Elton and Gruber (1984'), 
Lanstein and Sharpe (1978), Bildersee and Roberts (1981). 
13 
Expression (3.12) in contrast shows that if the duration of the 
market portfolio is shorter than the planning horizon, g. > 1 
when D. < D and 0. < 1 when D. > D l } 1 m ï ï m 
As the planning horizon of the investor is by definition unequal to 
zero, inferences from definition (3.17) for portfolio selection and/ 
or construction can be faulty. 
Secondly, the beta-definition in (3.12) clearly shows that bèta can-
not be determined if p = D . When the return of the market port-
r
 m 
folio is merely influenced by a change in yield to maturity, p = D 
means that the market portfolio is immunized with a certain return. 
Var (r ) , as well as cov (A , r ) do not exist. Measurement of bèta 
m m 
by means of specification (3.17) does not take this fact into account. 
Thirdly, one could wonder how sensitive the bèta parameter is for 
interest changes. Starting from definition (3.17), taking the deriva-
tive with respect to the yield of maturity, one obtains: 
d D. 8 D 
36. -sri-..D --r-ï-S.D. ï 9i m ai ï 
91
 D2 
m 
- D2 . D - (- D2 . D.) ï m m ï 
D2 
m 
(3.18) 
(3.19) 
D2 
= D£ - ~ = (3.20) 
m 
= B.(D -D.) (3.21) 
ï m ï 
Bildersee and Roberts (1981) also obtained this expression (although 
their derivation differs from ours) and concluded that bèta would be 
stable as long as D. = D . Consequently only the bèta of unity 
8) When the duration of the market portfolio exceeds the planning 
horizon the inferences one can make from equation (3.12) and 
(3.17) are of course identical. 
14 
9) 
would be independent of interest irate changes . However, with 
p ^ 0 and re-investment of the cashflows, oné finds (now starting 
from (3.12)): 
3(-D.) 3(-D ) 
(p-Dm) 
_
 Di <p-y - p m ^ - y . 
(p-D m) 2 
D2 - D2 3. 
_ i m i 
P" D m  
(3.22) 
(3.23) 
(3.24) 
Bèta will be invariant to changes in interest rates when: 
(3.25) 
D2 
ï 
D2 
m 
Surely, when g. = 1 , (3.21) and (3.24) yield the same result. 
However, the unity-beta is not the sole bèta that will be uneffected 
by interest rate changes. 
Bildersee and Roberts conclude that because of large differences 
between D. and D in the stock market, 3. may not be stable. 
ï m 1 -
9) Bildersee and Roberts (1981) seem to believe that a security's 
systematic risk is robust with respect to interest rate changes 
if D. = D , whereas at the same time ï m 
cov (dR., dR ) 
3. = — is not restricted to any special range. 
1
 a2 (dR ) 
m 
As shown bef ore, it is implicitly assumed that cov (dr,..,drm) = 
a
2
 ( d r ) , hence, only 
interest rate changes. 
G 2 dr  a bèta of unity would be invariant to 
15 
This conclusion is in our opinion unwarranted: D. and D may differ 
D. D 10) X m 
V- '•• 1 -m 
as long as p -
 p + p . 
m i 
Fourthly, in the introduction we quoted Levy, representing authors 
who (based on empirical research) have expressed the opinion that 
there is a dependency between bèta and the planning horizon. This 
dependency can now analytically be derived using definition (3.12): 
p -D. 
ï p- D 
86. (p-D ) - (p-D.) D. - D 
ï m 1 ï m 
CP-V2 (P-D/ 
(3.26) 
If bèta equals one (D. = D ^ p) , bèta is not influenced by the 
planning horizon. 
If D. > D , the longer the planning horizon the larger the bèta ï m 
value. 
If D. < D , the longer the planning period the smaller the bèta 
1 m
 , 11) 
value 
10) This can easily be verified: 
p-D. D. 
ï 
m D 
m 
2 2 2 2 pD - D.D = pD7 - D. D 
m ï m ï ï m 
2 2 2 2 
p(D - D7) = D. D - D7D 
m ï ï m ï m 
p(D + D . ) ( D - D . ) = D. D (D - D . ) r m ï m i i m m i 
D. D 
ï m 
m ï 
11) Levy (1981) found that, apart from relatively few deviations, 
the estimates of bèta of ten defensive stocks decrease with the 
holding period. The bèta estimates of ten agressive stocks on 
the other hand seem to increase with the holding period. 
This empirical result is consistent with the result of (3.26) 
as the planning horizon is short compared to the market port-
folio's duration. In Levy's study the investment horizon 
ranges from one month to 30 months. Obviously the duration of 
the stock-market portfolio.is much longer. 
16 
Because j3 as defined in (3.17) is not expressed in terms of the 
planning horizon, it assumes independence between the planning 
horizon and bèta. 
Finally, expression (3.12) sheds some new light on bèta and its 
12) 
regression tendency if one assumes a long planning period. For 
investors in the bond-market this might be a reasonable assumption. 
Given this assumption, it can be demonstrated that just the passage 
of time causes bèta to move to unity because D. and D decrease! 
J
 ï m 
Instead of giving a rigorous proof of this statement we present an 
13) 
example showing the aforementioned effect 
To simplify calculation assume there are only single payment bonds 
(zero coupon bonds). 
Let p = 15 , D. = 10 , D. = 5 and D = 8 . 
* ï j m 
At time t = 0 one can calculate the beta's: 
Bin J^T' 15-8 " 7 °*71 0 r m 
P
~
D i 15-5 10 
After one period one bbtains: 
p-D 
1 1 5
"
9 6
 = 0.75 
*1 P " D m 1 5 " 7 8 
, -
P _ D i - 15-4 _ 11 _ 
li P - V i y - 7 = ~ = 1.38 
12) See for an exposition, Blume (1975), Blume (1979) and Elgers, 
Haltiner and Hawthorne (1979). 
13) The puzzling fact remains, however, that notwithstanding the 
theoretical explanation, empirical bèta estimates are mostly 
based on very short holding periods. Theoretically passage 
of time, would then lead to beta's removing from unity.' 
17 
Interest Rate Risk and Systematic Risk 
First it will be shown that in the absence of stochastic process risk 
interest rate risk and systematic risk coincide. 
According to equation (3.11): 
• v V 
P. 0 p-D. 
Bi = v~ * v-2 * F ^ " ' (3*n) 
0. p m ï rm 
V* 
/ ^ ( nn ï /TT* N var (r ) = var - — = —*— var (V ) = 
^
V0 / V2 Pm 
m 0 
m 
1
 (p-D ) 2 V2 CT?
 (3>27) 
TT2 "'m p A 
V0 
m 
Combining the squared value of (3.11) with (3.27) yields: 
2 2 
v V^ , ' « N 2 p. 0 (p - D, ) 
B2 a2 = __i _ E ^ - Ö . 4 - . (P-D ) 2 V2 a\ (3.28) i m „ 2 * 2 * , 2 ' 2 m p X vo. VP
 ( p
-V vo 
ï m m 
VP-
= -=i. (p-D.)2 of (3.29) 
V I A 
0. ï 
From (2.17a) we learned that interest rate risk can be expressed as: 
* 2 2 o 
var V = (p-D.) V af. , or in terms of rate of return: 
p. v 1 p. A 1
 i 
V* V2 
var (=-i)- -=± (p-D.)Z a? (3.30) 
\v0 / v i A 
i 0. 
ï 
As the right-hand side of (3.30) equals the right-hand side of 
equation (3.29) it is demonstrated that interest rate risk = system-
atic risk. 
18 
Up to now, we implicitly (and sometimes explicitly) assumed that 
the stochastic process generating interest rate changes was identi-
fied by the investor. However, the actual stochastic process in the 
real world is not known; the investor must predict it. When he 
predicts incorrectly, the computed duration will be either longer or 
shorter than the correct duration. Consequently the actual return 
will differ from the assumed return. Moreover, the proposed stoch-
astic processes all assume perfect correlation between interest 
rate changes. However, when the correlation is less than perfect 
(as might be expected) , there will be a discrepancy between 'the 
actual return and the asaumed return. In the literature on duration 
the risk of not realizing the return promised by certain duration 
expressions because of incorrect identification of the actual 
stochastic process is referred to as 'stochastic process risk'. 
We will examine the effect of stochastic process risk on systematic 
risk assuming a flat term structure and a multiplicative process of 
14). interest rate changes 
In the absenoe of stochastic process risk, the return on a default-
free bond i is: 
V 
Pi 
r - — i (1 + (p-D.)a- D ) - 1 (3.31) 
0. 
ï 
Let: R. = r. + e. (3.32) 
1 1 1 
where R. = the return on a default-free coupon bond i 
e. = the return component reflecting stochastic process 
risk; E(e.) = 0 ; 
var (e.) = stochastic process risk. 
14) Assuming other forms of the term structure and/or stochastic 
processes of interest rate changes yield similar expositions. 
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COY (R.,R ).= cov (r. + e. , r + e ) (3.33) 
1 m 1 ï m m 
= cov 
V V 
= 4 (p-D )(X-l)
 + e. ,—S (p-D )(x-l)+e 
V0. X x V0 m m-1 m 
(3.34) 
Expanding the covariance term on the right hand side yields: 
V V V 
p. p p. 
cov (R.,R) = F- i.T F- S (p-D ) (p-D ) var X + — — (p-D.) cov (X,e) + ï m V-. V_ i m v_ ï . m 
i m . i 
Pm 
+ — — (p-D ) cov (A.,e.) + cov (e.,e ) V m ' ï i' m 
m 
(3.35) 
Assuming cov (X, e.) = cov(X, e ) = 0 . and substituting (1 + R) 
v ï m 
for -£ 
V„ reduces equation (3.35) into: 
cov (R., R ) = (1 +R)2(p-D.)(p-D ) var X + cov (e., e ) (3.36) 
ï m ï m l m 
The risk of the market portfolio can be expressed as: 
v2 
P o 
CT2 = -=S (p-D ) varX + var e (3.37) 
m
 ;2 r m m 
0 
m 
- (1 +R)2(p-D )2var X + var e (3.38) 
m m 
15) A duration measure can only be derived assuming smalt interest 
rate changes. When X is large the duration factor is just an 
approximation of a security's elasticity with respect to 
interest rate shocks. It is then likely that there will be a 
relationship between X and e.. On the other hand when X is 
small, one can safely assume that cov (X , e.) = 0 . 
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Consequently, 
2 
(1+R) (p-D.)(p-D ) var X + cov (e.,e ) 
g. = •—! ^2 L_IL (3.39) 
1
 (1 + R) (p - D ) var X + var e 
m m 
If one is willing to assume that cov (e.,e ) = 0 an expression for 
systematic risk can be obtained: 
, (1+R) 4(p-D.) 2(p-D) 2 (var X) 2 
g2
 a2 1__ 2 (3.40) 
1 m
 (1+R) (p-D ) var X + var e 
r
 m m 
As the interest rate risk of a default free bond can be expressed as: 
2 2 
Interest rate risk = a? = (1+R) (p-D.) var X + var e. , (3.41) 
6i CTm the fraction < 1 . 
a? 
ï 
So, a part of the interest rate risk is not considered systematic. 
One might wonder whether this non-systematic risk is diversifiable? 
The answer is that only a part of this risk can be diversified away 
\c.\ 
by minimizing var e. . However, there is a possibility that when 
the market portfolio is a broadly diversified (but at the same time 
dedicated) portfolio the stochastic process risk (var e ) becomes 
negligibly small. Interest rate is then equal to systematic risk. 
Therefore, unlike the previous case where stochastic process risk 
was absent and interest rate risk always equaled systematic risk, 
in the presence of stochastic process risk interest rate risk and 
systematic risk will only coincide on a portfolio level. 
16) See for a procedure to minimize stochastic process risk 
Fong and Vasicek (1983). 
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SUMMARYAND CONCLUSIONS 
In this study we examined analytically the empirically observed 
fact that a security's bèta is dependent on the planning period used. 
In the case of default-free bonds, with durations ranging from as 
short as a few days to as long as many years, we showed that varying 
the planning horizon has a considerabel impact on bèta. 
Though not demonstrated here, this conclusion applies to bonds not 
free of default risk as well. 
As equ.'it'ies have long (expected) durations (longer than 10-15 years) 
bèta will only be affected by varying the planning horizon if the 
investor also has a relatively long planning period. On the other 
hand, if the planning period is relatively short, the impact of the 
length of the planning period on bèta will be small to negligible. 
A review of the empirical literature indicates that the planning 
(or differencing) periods used are almost always short. (Most of 
the times one month, sometimes up to one year). This finding means 
that our specification of bèta - assuming interest rate risk as the 
sole source of security risk - is insufficiënt to explain the 
observed dependencies between bèta and the planning horizon. 
It is plausible that a security's risk of default is also related 
to the planning horizon and to bèta. Hence, the dependency between 
bèta and planning horizon for equities is likely to be much more 
complexe than the expression we used in this study. 
We also addressed a related issue, namely beta's stability when 
interest rate levels change. We concluded that it is possible to 
have securities or construct portfolios with betas that are robust 
to interest rate changes. 
We showed that bèta and interest rate risk are positively related 
when a certain planning period is assumed. This result seems to be 
in contrast with that of Casabona, Fabozzi and Clark (1984) who 
ascertain that there exists an inverse relationship between an 
asset's interest rate risk and bèta. The two views can be recon-
ciled, however, recognizing that firstly Casabona c.s. abstract 
from a specification of the planning horizon and secondly their 
measure of interest rate risk is really the interest elasticity of 
an asset. As noted in section 2.1 interest rate elasticity or 
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-exposure and interest rate visk are two distinct quantities. 
Finally we demonstrated that in the absence of stochastic process 
risk, systematic risk and interest rate risk coincide. If stochas-
tic process risk is taken into account, systematic risk and 
interest rate risk are only congruent on a portfolio level. 
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